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1. INTRODUCTION

Bell and Shah have used oscillating generalized polynomials [2-4] to
find the best uniformly approximating polynomial of degree n on [0, 1] to
functions of the form f(x) = x”, where r is a positive rational number. They
then determined lower bounds for

E.(r) = n}inoglfi(ll X" — (o + X + egx® 4+ o+ 4 e x™).

This work was motivated by Bernstein’s results [5] on the approximation
of | x| on [—1, 1], which is equivalent to having r = } and approximating
on [0, 1].

In this paper we study the functions

E. () = min max | x*— (¢, + ¢1x + *** + ¢,x")],
¢; O<ix<l

E’ () = min max | x* — (e;x + cx2 + - + ¢,x")|,
¢; 0<xxl

where ne N, « > 0 and c¢; is real for each i. In so doing, the properties of
Chebychev polynomials and of oscillating generalized polynomials are
extremely useful in finding upper and lower bounds for E,(x) for some o’s.
In particular, Lemma 1 enables us to find greater lower bounds of E,.( p/q)
for certain positive integers p and ¢ than were previously known. Similarly,
smaller upper bounds for E,(«) are also found when 1 < « < rnand « ¢ N,
The theory becomes much more complete when we show that each of E, ()
and E’,(«) is strictly monotonic in certain intervals.

2. OSCILLATING GENERALIZED POLYNOMIALS

Let 0 << o(0) << of]) << -+ << a(n) be a given set of rational numbers.
Then p(x) = cex*® + ¢ x*V + o+ 4 ¢, x™ where ¢; are real is said to
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164 P. DOUGLAS ELOSSER

be a generalized polynomial (g.p.). If max,<.<; | p(x)| is attained for exactly
n 4+ 1 values of x in [0, 1], then p(x) is said to be an oscillating generalized
polynomial (o.g.p.) in [0, 1] with exponents «(0), x(1),..., a(n). (We write
for notational convenience afj) for «;.)

The following facts about g.p.’s and o.g.p.’s are stated: (i)~(vi) [2] and
(vii) [6, p. 29D).

(i) (Property 2) (A) For every set of nonzero real numbers
{cg, €1 5..., €, and every set of rational numbers {«(0), o(1),..., a(n)} with
0 < a(0) < (1) < +- << a(n), the number of zeros, a zero of order &
counted as k zeros, in (0, 1] of the generalized polynomial

p(x) — coxa(o) ‘l‘ Clxa(l) + e czxa(Z) e + cnxa(n)

is at most equal to the number of variations of sign in the sequence
{CO s €1 5eees cn}'

(B) With the sets {¢,, ¢; ,..., €} and {a(0), a(1),..., o(n)} as in (A),
the number of zeros, a zero of order k counted as k zeros, in (0, 1] of p'(x)
is at most equal to the number of variations of sign in the sequence

{€o 5 €1 5eues Cp}e

(ii)) To a given finite set of nonnegative exponents, there corresponds
an o.g.p. in {0, 1] which is unique except for a constant factor.

(iii) Write M = maxy<,<; | p(x)|. An o.g.p. p(x) assumes the values
4 M alternately at n -+ 1 points in [0, 1].

(iv) Let p(x) = 2:;0 A;x*? be an o.g.p. in [0, 1] and let g(x) =
> o Bix* (all B, real) be another generalized polynomial. Suppose B, = 4,
for at least one j where o j) > 0. Then max,c,«; | 9(¥)] > max,c,<; | p(x)|-

(V) Let p(x) = apx*® + Yi 4 ax*®  and  q(x) = ax*® +
S o1 bpxf® be 0.g.p.’s such that 0 < «(0) < o(1) < (1) < - < afn) <
B(n). Then maxyc s | p(x)| < Maxgcz<i | g(¥)|-

(vi) The coefficients of an 0.g.p. p(x) = @px*® + g x> 4 - + g, x*™
alternate in sign.

(vi)) E,(a) > E',(x)/2 for « > 0 and rational.

3. APPLICATION OF OSCILLATING GENERALIZED POLYNOMIALS

LEMMA 1. Let

p(X) —x0(0) —+ alxa(l) + azxa(Z) L anxa(’n)
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and
q(x) — xzx(O) + ble(l) _{,_ b2x8(2) + _I_ ban(n)

be the unique 0.g.p.’s with 1 as the coefficient of x*® and positive rational
exponents {a(0), «(1), «(2),..., o(n)} and {(0), B(1), B(2);..., B(n)}, respectively,
where 0 < o(0) < 1) <+ < o) and 0 < o(0) < (1) < -+ < B(n)
and for i =1, 2,...,n, o(i) << B(). Then maxyc g | p(X)] << maxye,< | g(x)|.

Proof. The o’s and B’s in this argument are all to be rational. First
choose {B(1, 1), B2, 1),..., B(n, )} by «(1) < B(1, 1) < min{a(2), (1)} and
for i = 2, 3,....,n, let B(, 1) e (max{x(i), B(i — 1)}, B(¥)). Next suppose for
jeN with 1 <j <n—1 that {8(1,)), B2, j),..., B(n,j)} has been chosen
so that o) < B(1, /) < BA,j— 1) <a2) < BR,j) <Pp2,j— <
o3) <+ < ol f) < B(J, < minfalj + 1), B(j,j — D)} with B(i, ) € (max{(i),
BGE—1,j— D}, BGj— 1) for i=j+1,j+ 2,..,n Then choose
{B(1,j + 1), B2, j + ..., Bn, j 4+ 1} so that (1) < (1,7 + 1) < B(1,)) <
o2) <P+ 1D <P <ao3) <BB,j+ 1) <PBj) < <)) <
BLi+ 1 <BLD <oj+ 1) <P+ 1,j+ 1) <mn{(j+ LJj),
a(j + 2)} and let B, j + 1) e (max{B( — 1, ), (i)}, B, j)) fori =j + 2,
j -+ 3,..,n Nowforeachi =1, 2,..., n — 1, define

pz(x) = xa(0) + b xB(L.D) + bl xB(2,0) + + b ) xBin,1)
1 2 7

to be the unique o.g.p. with exponents {«(0), B(1, i), B2, i),..., B(n, i)} and 1
as the coeflicient of x*®. Then by (v) of Section 2,

omax [ p(x)] < max | p,,(x)] < max |p, )]

<< max | py(x)] < max | g(x)l.

PROPOSITION 2. Letn, ke N withk = 4. Then E,(1/k) > 1/2(2n + 1).

Proof. Let x1/® 4 g, x + a,x* + -+ + a,x" be the unique o.g.p. with
exponents {1/k, 1, 2,..., n} and with 1 as the coefficient of x®/*), Then

E,(1/k) > $E',(1/k) = %o@fzx | XU* @y x 4 @px® + - 4 ax" |

=} max | x 4+ ax* + ax® 4 o 4 axmt ], (1)

by (vii) of Section 2. Also by Theorem 1, it follows that

oMax, | x + apx® + apx® + - 4 a,x"* |
1

2n 4+ 17 &)

> max | To ()20 + 1| =

640/23[2-6
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where T,.,(x) is the Chebychev polynomial of degree 2n 4 1. By (1) and (2)
it follows that E(1/k) > 1/2(2n 4+ 1).

PROPOSITION 3. Let p(x) = x 4+ a;x® + axx® -+ -+ + a,x%" be the unique
o0.p. with exponents {1, 3, 6,..., 3n} and with 1 as the coefficient of x. Then
E'(1/3) = maxyc,<; | p(x)| = 1/3Q2n — 1) with equality if and only if n = 1.

Proof. Let n =2 and r(x) = x 4 cx8 + e5x® + - + ¢, X3 be the
unique oscillating polynomial (0.p.) with exponents {1, 6, 9,..., 31} and with 1
as the coefficient of x. Also, the unique o.p. with exponents {1, 3, 5,..., 2n — 1}
and with 1 as the coefficient of x is Tign_)(x)/(2r — 1). Since 1 = 1,3 < 6,
5 <9,..,2n — 1 < 3n, it follows by Theorem 1 that

omax | r)l > max | Tenn()/2n — D] = 1/2n — 1.
Now, if the technique used in {4, p. 273; 5, pp. 9, 10] is used with the fact
that max,c,« | r(x)] > 1/(2n — 1) and the transformation y = x!/3, it is
immediate that E’,(1/3) = max,c.<; | p(X)| > 1/32n — 1).
If n = 1, then p(x) = —Ty(x)/3 and maxyc.< | p(x)| = 1/32n — 1).

COROLLARY 4. E,(1/3) = min, maXec,<; | X3 — (o + ¢x + - +
cnx™)| > 1/6(2n — 1).
Proof. This follows by Proposition 3 and (vii) of Section 2.

PropPoSITION 5. (a) Ifp,qec Nwith3p < g, then E,(plq) > 1/22n + 1).
(b) Ifp,qe Nwith2p < q, then E,( p/q) > 1/4(1 4- 21/%)(2n — 1).

Proof. (a) Let r(x) = x?/? 4+ byx + byx® + --- 4+ b,x™ be the unique
0.g.p. with exponents {p/q, 1, 2,..., n} and 1 as the coefficent of x?/¢. Let
F(x) = x + byx'9/P) 4 byx/? o .o b x™9/?) Then for i=2,3,.,n,
(iXg/p) — (i — 1)(p/q) = p/g > 3. Therefore by Theorem 1,

En(plg) = jmax | r(x)| = max |#(x)]
> max | Ten(¥)/2n + DI = 1/@2n + 1).

Consequently, E,.(p/q) > 1/2(2n + 1) by (vit) of Section 2.

(b) Let r(x) and #(x) be as in part (a). Define t(x) = x + ¢;x +
cxt -+ -+ +c,x? to be the unique o.p. with exponents {1, 2, 4,..., 2n} and
with 1 as the coefficient of x. By Theorem 1,

Jmax | r(x)l = max [#(x)} > max |«(x)[.
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By [6, pp. 27, 28], maXeceey | tO)] = 1/2(1 + 248)2n — 1). If n =2,
E,(p/q) > 1/4(1 + 21/%2n — 1). For n =1, let p(x) = x + ayx?, s(x) =
xP/t 4- b;x, and §(x) = x + b;x¥/? be the unique o.g.p.’s. Then p(x) =
x — (1/2 4+ 1)(2172)) x2 by [5, p. 28] and

. 1
T2, |Gl = omaX) [5Gl > 0T | P)] = 2(1 + 213(2n — 1)

by Theorem 1. Therefore, by (vii) of Section 2, E,( p/q) > 1/4(1 -+ 21/3) x
1/2n — 1).

LemmAa 6. If o > 0 and a ¢ N, then E, (o), E',(«) > 0.

This is obvious.

PROPOSITION 7. Let o be so that 1 < oo < n. Then E, (o) < 1/{2(n —
[o — 1)) + 1}, where [x — 1] is the greatest integer <o — 1.

Proof. If [o«] = «, then by Theorem 6, the conclusion is trivial since
E, (o) = 0. Therefore suppose that [a] = «. Next let

X% byx{[el+D) o pox(Td+2) e poxnol | pox,

with j = n — [ — 1], be the unique o.g.p. with exponents {e, [a] + 1,
[a] + 2,...,n — 1, n} and with 1 as the coefficient of x*. It then follows by
the Alternation Theorem and by the definition of 0.g.p.’s that

E,,(oc) < or<na§1 | x* 4 bzx‘[“l“’ + b3x([cx]+2) e - bjx” I,
XS
Also let
X0 _]_ c2x3oc + c3x5°‘ + + ij(Z(n»[u—l])—l)a

be the unique o.g.p. with exponents {a, 3a, 5q,..., 2(n — [ — 1}) — 1) o}
and with 1 as the coefficient of x*. Then by Theorem 1,

max | x® + byx([e+D 4 poytlead) o v poyen |

0<x<1

< omai(] | X< + c2x3a _|_ C3X5“ _l,_ _+__ c]_x{2(n—[ot—l])-l}o¢ |

LX<

B 1
22— [«—1D~ 13"

since [a] + 1 < 3a, [a] + 2 < Sa,0e, < {2(n — [0 — 1]) — 1} a and
x* x4 oepx® o 4 POl = T, g gy (320 —

fo — 1D — 1
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4. MONOTONICITY AND CONTINUITY OF E, AND E,’
First, it is rather routine to show the following.
ProroSITION 8. Each of E, and E',, is a continuous function on (0, o).

COROLLARY 9. E,(1/3) = 1/2(n + 1) (Compare this with Corollary 4.)

Proof. This follows by the continuity of E, and by Proposition 5.

Now let each of «(l), «(2),..., a(n), «(n + 1), B(1), B(2),..., B(rn), and
B(n + 1) be a rational number with 0 << o(1) << a2) << =+ << (1) < (1 4 1)
and 0 < B(1) < BR) < - < B(n) < B(n+ 1) and suppose g, and b,
are nonzero with the same sign. Let each of

p(x) = ag + a;x3W + @x¥® 4 e 4 g xem 4og,  xndD)
and

g(x) = by -+ byxBV £ hyxB® | v - b xBM 4 b xBOD)

be an o.g.p. If maxyc,q | p(x)| = maxec<i | ¢(x)| = M > 0, then p(x)
and ¢(x) are said to be an M-n-oscillating pair which is denoted by

{p(x), g(x)).

LemmA 10.  Let {p(x), q(x)> be an M-n-oscillating pair and let 0 = p, <
P < <pp<ppa=1land0=qy <q < <qy <quy =1bethe
points in [0, 1] at which p(x) and q(x) take on their extreme values, respectively.
Then there are two zeros of (p — qXx) in (0, max{p,, q;}] if (p — g)(max
{p1,q1}) = 0 and there is one zero in (0, max{p,,q}] if (p — gq)(max

{pr,q}) #0.

Proof. Suppose (p — gq)(max{p;,q,}) 0. Then p, + q,. Suppose
P1 < ¢, . Then either

B (p—q@)(p) >0and (p—q)g) <O0or
() (p —q)p) <0and (p — g)q,) = 0.

Consequently there is a zero of (p — ¢)(x) in (0, max{ p, , g,}] since (p — g)(x)
is continuous.

Suppose (p — g)}max{p, , ¢,}) = 0 and p, < ¢, . Then (p —g)g;) =0
means that p(q,) = q(q1) = M and p'(q,) = q¢'(q;) = 0. Consequently
(r — ¢)'(q;) = 0and ¢, is a double zero of (p — ¢)(x) by Ahlfors [1, pp. 126,
127]. Then (p — ¢)(x) has two zeros in (0, max{p, , ¢,}}.
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ProOPOSITION 11.  If {p(x), q(x)) is an M-n-oscillating pair, then (p — q)(x)
has n + 1 zeros in (0, 1].

Proof. The notation is as in Lemma 10 and the proof proceeds by mathe-
matical induction. Let § = {j € N: for each M-n-oscillating pair { p(x), g(x)>
with n > j, there are j zeros in (0, max{p;, ¢;}] if (p — g)(max{p;, q;}) # 0
and there are j + 1 zeros in (0, max{p;, ¢;}] if (p — g)max{p;, q;}) = 0}.
By Lemma 10, 1 € S.

Suppose j€S. Let n = j + 1 and let {p(x), g(x)> be an M-n-oscillating
pair. Then either

A) (p — g)(max{p;, q;}) # 0 or
B) (p — g)max{p;,q;}) = 0.

Case A

Suppose (p — g)max{p;, q;}) 7 0. Then there are j zeros of (p — g)(x)
in (0, max{ p; , g;}]. There are two possibilities.

Subcase Al. (p — q)max{p;.;,q;1}) = 0 implies that there are j + 2
zeros in (0, max{p;,, , ¢;;1}] because of a double zero at max{p,,; , §;11}

Subcase A2. Suppose (p — q)(max{p;,1,qg;u}) # 0.
(i) If p; < ¢; and p;; < g;,1, then by A and A2 it follows that

(p — 9)(g;) <0 with (p — g)(g;.1) > 0 or (p — q)(¢;)>0 with (p — ¢)(¢;11)
< 0.

(i) Ifg;< p;and Piv1 <djs1, then (p — q)(p;) <0 with (p — ¢@)(p;11)
>0 or (p— q)(p;) > 0 with (p — ¢q)(p;1) <O.

(i) If p; < ¢; and ;41 < psia » then (p — ¢)(g;) < O with (p — 4)(q;12)
> 0or (p — g)g;) > 0 with (p — g)(g;1) <O.

W) If q; < p; and q;4q4 < pjs1, then by A and A2, (p — q)(p;) <O

with (p — g)(ps+1) > 0 or (p — q)(p;) > 0 with (p — g)(p;y) <O.

By (i)(iv) it is clear that there is a zero of (p — ¢)(x) in (max{p,, ¢;},
max{p;1 , g;:1}] and j + 1 zeros in (0, max{p;.; , ¢;:1})-

Case B

Suppose (p — g)max{p;, q;}) = 0. Therefore there are j + 1 zeros of
(p — ¢)(x) in (0, max{p;, q;}]. Then there are two possibilities.

Subcase Bl. Suppose (p — g)max{p;.;,¢;1}) = 0. Then (p — g)(x)
has a double zero at max{p,,; , ¢;;,} and has j + 3 zeros in (0, max{p,,, ,

Girt]
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Subcase B2. Suppose (p — g)max{p,.,,q;+1}) # 0. Then there are
j+ 1 zeros in (0, max{p,.,q;.1}} since there are j-4 1 zeros in

(0, max{p; , ¢;}].
Consequently, j + 1 € S and § = N. It follows that for an M-#n-oscillating

pair {p(x), ¢(x)>, (p — q)(x) has n zeros in (0, max{p, , g,}]. Since p,,, =
gnix = 1, (p — ¢)(1) = 0 and (p — g)(x) has n + 1 zeros in (0, 1].

LemMMmA 12. Let r be a positive rational number. If s is also a rational
number with s € (r,r -+ rin), then 1/s << 1/r < 2/s << 2/r < - < nfs < njr.

Proof. Lletse(r,r + r/n). Thens << r 4 r/norn/r < (n -+ 1)/s. Suppose
for some ie N with i < n that i/r = (i + 1)/s. Therefore is = ({+ )r
and (n—i)s+is=m—0Dr+ G+ 1)r, and n/r = (n 4+ 1)/s. This is
a contradiction.

PROPOSITION 13. Let r and s be rational numbers with re(0,1) and
s € (r, min{r 4 r/n, 13}), then E(r) == E,(5).

Proof. Let p,(x) = by + x" + byx + byx> + -+ + b,x* and pyx) =
¢o + x° + o;x + ¢x% + - + ¢,x* be the unique o.g.p.’s with exponents
{0,r,1,2,...,n} and {0, s, 1, 2,..., n}, respectively, and with 1 as the coefficient
of each of x™ and x*. Then each of

Px) = by + x + bxVT 4 oo 4 bxnIT
and
Pox) = ¢y + x + e x1E -0 - o x™/3

is also an o.g.p. Suppose E,(s) = E,(r) = M. Then <{p(x), p(x)> is an
M-n-oscillating pair. Clearly, by = —E,(r) = —E,(s) = ¢,, since the
coefficients of .(x) and p(x) alternate in sign and o.g.p.’s take on extreme
values at both 0 and 1.

(Bs — BI(X) = eyxM* — byxMT + ¢oX3M* — boxXP/T - e 4 X — b X"
and by Lemma 12, 1/s < 1/r < 2/s <<2/r < -+ < nfs < n/r. By property &,
(p; — p,)(x) has at most n zeros in (0, 1]. However, by Proposition 11,
(ps — p,)(x) has n-+ 1 zeros in (0,1]. This contradiction implies that
E\(r) # Eu(s).

ProposITION 14, Let re(0,1) and s€(©,11 0 (r, r + r/n) be rational
numbers. Then E,(r) > E.(s).

Proof. First let s << 1. Suppose E.(r) < E.(s). Let p(x)=by + x +
bxV/r 4 - 4 box"t and PUx) = ¢y + x + x4 o - x/* be as
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in Proposition 13. Then by (vi) of Section 2, E(r) = —byand E(s) = —c¢, .
Consequently

(Bs — B)x) = (co — by) + erx/* — byxt/T + cpx?/e

_ bzxz/r e + Cnxn/s — bnxn/r

has only n sign changes in the finite sequence {(¢, — b,),¢y,— b1, €2, — bg,..., Cy,
—b,}, since —by, = E,(r) < E,(s) = —c¢; and (¢ — b;) < 0. Therefore
(P — P.)(x) has at most n zeros in (0, 1], by property 2.

On the other hand let 0 = p, < p; < *-* < p, < ppy; = 1 be then 4-2
points of the interval [0, 1] at which p,(x) takes on its extreme values in an
alternating fashion.

Since p4(x) is continuous on [0, 1}, for each i = 1,2,..., n + 1, the range
of px)on [p,_y, p:lis ey, —c,]. Therefore it is easily shown that there exists
z; € (pi—1» i) With (B, — p)(z;) = 0 and (p, — p,)(x) has at least n +- 1
zeros in (0, 1]. This is a contradiction and E,(r) > E,(s), since by Propo-
sition 13, E,(r) # E,(s).

If s = 1, by Lemma 6, E,(r) > 0 and E,(s) = 0 and E,(r) > E,(s).

THEOREM 15. (a) FE, is strictly decreasing on (0, 1], and (b) E,, is strictly
increasing on [n, o).

Proof. (a) Since E, is continuous, the result follows if E, is strictly
decreasing on the rational numbers in (0, 1]. Let r and s be rational numbers
with 0 < r << s <{ 1. Then there exists a smallest positive integer j so that
r =+ j{r/2n) >s. For each k =1,2,.,j, let r.=r - k(r/2n). Now
Femry <Py <Py < v <rjq<r; with r,_y <s<r; and r, < ry +
ra.-n/n. Consequently, by Proposition 14, E (r,) < E,(r._y) for k =1, 2,...,
j — 1, and either E,(r;;) = E,s) or E,r, ;) > E,s). Therefore
E(r) > EA5).

(b) As in part (a), it is only necessary to show that E, is strictly
increasing on the rational numbers in [n,00). In the following, r and s are
rational numbers. First suppose n << r < 5. For if n = r, then by Lemma 6,
the proof is trivial. Let

P(x) = by + byx + byx® + oo+ + byx + X7
and

PAX) = ¢q + ;X + €ax? 4 -0 A cpx™ 4 x°

be the unique o.g.p.’s with exponents {0, 1, 2, 3,..., n, r}and {0, 1, 2, 3,..., , 5},
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respectively, and with 1 as the coefficient of each of x” and x*. Therefore, by
(vi) of Section 2, foreach i = 0, 1, 2,..., n, b; and ¢; have the same sign. Let

Br(x) = by + byx/" 4 + bpx™T + x
and
Pi(x) = ¢+ erxe 4 o+ e x/E + x.

Each of §,(x) and $,(x) is also an o.g.p.

Case A. Suppose n is even. Then both b, and ¢, are negative with
E(r) = —byand E,(s) = —c,.

(i) Suppose E,(s) = E,(r). Then ¢, = b, . Consequently,
(Ps _pr)(x) — clxl/s _ blxl/r + czxz/s — b2x2/r _|_ + cnxn/s — bnxn/r

By Lemma 12, 1/s < 1/r < - < n/s < nfr; and property & shows by
examination of {¢,, —b,, ¢, —bs,..., ¢, , —b,}, that (B, — p,)(x) has at
most # zeros in (0, 1]. This is a contradiction since { p,(x), p(x)> is an M—n-
oscillating pair and E,(r) 7% E.(s).

(ii) Suppose that E.(s) < E,(r). Then —c¢, = E,(s) < E,(r) = —b,
and ¢; — by > 0. By (vi) of Section 2, ¢, >0 and the sequence {(c, — by),
¢ ,—b,cy,—bs,..., c,, —b,} of coefficients of

(Bs — D)X) = (cg — bp) + ¢x1¢ — byx/™ + c;x?/°
J— b2x2/r + + cnxn/s _ bnxn/r
has # sign changes. Since 0 < 1/s << 1/r < -+ < nfr < n/s, by property 2,
(ps — p.)(x) has at most n zeros in (0, 1]. However, as in the proof of

Proposition 14, it is clear that ( p, — p,)(x) has n -+ 1 zeros in (0, 1). There-
for E,(s) > E.(r).

Case B. Suppose n is odd. This case is similar to Case A.

COROLLARY 16. E,(x) < 1/2@V fora € [n, n + 1] and E () > 1/2@+D
Jor ae(n + 1,00).

Proof. Let p(x) = ay + a.x + ax®> + +-- + a,x™ + x**t be the unique
o.p. with exponents {0, 1, 2,...,n, n 4 1} and with 1 as the coefficient of
x**1, Then

Enn + 1) = max | p(x)|

— max [ a, + alxz _i‘ a2x4 + + anx“’" + x(2n+2)
0<x<1
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and

T(en42)(X)
(22(7;:+1() = Gy + ayx® + apx* + -+ apx®  x@,

by uniqueness. By Theorem 15(b), E,(x) < 1/[2@%"V] for o€ [n,n + 1]
and E,(o) > 1/[2@V] for a€(n + 1, ) since E,(n + 1) = 1/[2@"+D],

THEOREM 17. (a) E', is strictly decreasing on (0, 1] and (b) E’,, is strictly
increasing on [n, o).

Proof. (a) Since E’, is continuous it is sufficient to show the mono-
tonicity on the rational numbers. Also suppose s e (r, min{l, r + r/n}),
since the technique of the proof of Theorem 15 can be used otherwise. Let

Px) = x" + byx + byx® 4 -0 + b x"
px) = x5+ eyx + cox + - 4 ¢ x”
be the unique o.g.p.’s with exponents {r, 1, 2,..., n} and {s, 1, 2,..., n}, respec-
tively, and with 1 as the coefficient of each of x" and x°. Then
ﬁr(x) = x + blxllr + b2x2/r + “ee + bnxn/r
and

Bux) = x + exllt - epxtlt ke xns

are also o.g.p.’s. Since 0 < 1 < I/s < ljr < 2fs < 2/r < =+ < nfs < njr,
by (v) of Section 2,

omax, | p(x)] = Jmax, | B(x)| > omax, | po(x)| = omax, | po(x)]

and E’,(r) > E'(s). If s = 1, it follows by Lemma 6 that E',(r) > E’,(5)
since E',(s) = 0.

(b) This part is similar and is omitted.
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